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Perron fractions : an algorithm for computing the Pad6 table 
J. H. McCabe 
ABSTRACT 
A set of  rhombus rules is given for generating the coeff icients o f  the Perron fractions whose con- 
vergents form sawtooth sequences in the Pad6 table o f  a normal series. The coeff icients o f  the 
Perron fractions for the reciprocal series are also derived, wi thout  finding the reciprocal series, 
and hence the Pad6 table for the series is obtained. 
I. INTRODUCTION 
The Pad~ table [see f~ure 1] of the formal power 
series 
f(x) = k~O ck xk' cO ~ O, (1•1) 
is an  in f in i te  two  d imens iona l  a r ray  o f  i r reduc ib le  
ra t iona l  funct ions  
%+alX+... +a x m 
Pn,m(X ) = m , m, n;)0, (1.2) 
1 +~1 x +... +t3nxn 
in which the coefficients are such that the expansion 
of Pn,m(X) in powers of x agrees with f(x) as far as 
possible.The power series, and its associated Pad~ 
table, are said to be normal if, for each m and n, 
m+n xk 
Pn,m(X) = k=Z0 c k + higher order terms. 
In this case every element of the table exists and differs 
from any other, and both a m and ~n are non-zero• A
sufficient condition for the series to be normal is that 
the determinant 
Cr-s+l Cr-s+2 .......... c r ] 
11 Cr-s+2 C r Cr+ s -  . 
is non-zero  for  al l  r and  s, w i th  c k -- 0 i f  k ~ O. 
P0,0 P1,0 P2,0 P3,0 ....... Pn,0 ....... 
P0,1 PI,1 P2,1 P3,1 ....... Pn,1 ....... 
P0,2 P1,2 P2,2 P3,2 ....... Pn,2 ....... 
P0,3 P1,3 P2,3 P3,3 ....... Pn,3 ....... 
. . . . 
P0,m Pl,m P2,m P3,m ....... Pn, m ....... 
• : : • 
Fig. 1. The Pad~ table 
There are numerous methods available to compute 
the elements of the Pad~ table, see for example 
Wuytack [13]. Many of these techniques require 
normality of the series, and we will assume that. this 
is the case. A survey of several algorithms for normal 
series, each based on relations between adjacent 
elements in the Pad6 table, is given by Chessens [5]. 
In particular some continued fraction methods are 
described, one of which is the following well known 
quotient difference algorithm of Rutishauser. 
The sequence of Pad~ approximants P0,k' Pl,k' 
Pl,k+l, P2,k+l . . . . .  k = 0,1,2 . . . . .  are the successive 
convergents of the continued fraction 
xk- qlk x e lk x q2k C k X 
c 0+c lx+. . .+c  k i xk - l+  
- 1 - 1 - 1 - 1 
k 
e 2 x (1.3) 
1 - ... 
for which the coefficients ~ and ~ are generated by 
1 
the recurrence relations 
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¢j~ "+1 " ] 
~+1 ~+1"~+1 q i = ' 2 ' 3 =  i ' .... 
with the starting values eJ = 0 and ~ = c ./c for 
o 1 j+l j 
j ~ 0. These coefficients allow the computation of the 
elements of the Pad~ table on and below the first 
upper pard-diagonal. In order to obtain the other 
elements one can either compute the reciprocal series 
of f(x), and apply the q-d algorithm to the coefficients 
of the new series, or use the relations, established by 
Henrici [7], between the elements of the q-d table for 
the given series and the q-d table for the reciprocal 
series ~=0 ~k xk satisfying 
If the elements of the extended q.-d scheme for the 
reciprocal series are denoted by ~i and erJ, the follow- 
hag relations hold between these and the elements of 
the extended scheme of the: series (1.1) : 
0 v0 
ql = "ql '  (1.5) 
~= 1-j ,i 1-j 
ei+j-l' ~ = qi+j" (1.6a) 
~= ,,1-j j ,.1-j 
ei+j-l' ~ = qi+j" (1.6b) 
where the indices can take all values for which at 
least one of the' elements involved is defined. These 
relations will be used in the proofs of results in the 
next section. 
The quotient difference algorithm yields continued 
fractions whose convergents form descending staircase 
sequences in the Padd table, as do two further continued 
fraction algorithms due to Thacher, (see Claessens 
[5]) and Watson [12]). Techniques for providing 
terminating continued fractions whose convergents 
form ascending staircase sequences are given by Gragg 
[6] and Claessens ([5], see also Bultheel [2]). 
2. A QUOTIENT ALGORITHM 
Another pair of rhombus rules allows the computation 
of the coefficients of the continued fraction 
x m 2 x ~ 
c o + ClX +... + - -  
1 + 1 + 1+ 1 + 1 ... 
k k 
m k x ~k+l (2.1) 
...+ 1 + 1 
for k = 1,2,3 ..... The convergentsform the inverted 
sawtooth sequences P0,k' P l ,k- l '  Pl,k' P2,k-l' P2,k' 
.... Pk,k-l' Pk,k" Continued fractions of the form 
(2.1) were introduced by Perron [10] and they will be 
referred to here as Perron fractions. Bultheel [3] 
recently gave a generalised Viskovatoff algorithm for 
providing continued fractions whose dements form 
certain paths in the Pad~ table, including the Perron 
fractions and sawteeth sequences. 
The coefficients of (2.1) can be generated by the 
recurrence relations 
= , 
"+1 (1 + (2.2b) (1+ )* - I  = -1 )* - I  
forj = 1,2,3 ..... i = 2,3,4:...,j+1, and with the starting 
values m~ = O, ~Jl = O, mJl -- --cj/cj_l for j = 1,2,3 ..... 
These recurrence relations were given by Bussonnais 
[4] and also arose in a study of the even extensions of 
M fractions (or general T fractions) corresponding to
two series expansions, and whose convergents lie in 
a two point Pad~ table. See McCabe [9] and Sri Ranga 
[1li- 
The algorithm itself is very similar in form to the 
g-rhombus rules of Bauer [1]. In the table of coefficients 
in fgure 4 the coefficients generated by (2.2) are 
those below the staircase line 
! 
1 1 I 1 1 1 1 
ml ~2 [ m2 ~3 m3 ~4 ...... 
2 2 2 2 ] 2 2 
ml ~2 m2 ~3 [ m3 ~4 ...... 
ml ~2 m2 ~3 ~4 ...... 
4 4 4 4 4 4 
ml ~2 m2 ~3 m3 ~4 
5 5 5 5 5 5 
ml ~2 m2 ~3 m3 ~4 
. : ; : , • 
Fig. 2. 
The coefficients generated by the relations (2.2) and 
those provided by the quotient difference algorithm 
can emily be expressed in terms of each other. Thus, 
for instance 
~+1-i 
~_  ~i-1 _. - -  j+2_[, J = i-l, i, i+l .. . . .  (2.3a) 
Ui-1 
and 
i - i  i+2- i  i+ l - i  
_ ) 
I ~j+2-i ' j = i, i:+1, ... 
~ii-1 (2.3b) 
for i = 2,3,4 .. . . .  
These follow from the rehtions 
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=-~/(~ ÷ ~ ~},j=O,1,2 ..... (2.4a) 
1 1 1 x-Jr 
rr~:: = ~ ~_1/(~i + odi_l), j= 0,I ..... (2.4b) 
and 
nji= i+ l - i  -~i-1 ,j=i-1, i, i+1, ..., (2.5a) 
dJi:~_+ll-i " - i . .  ~ .  ,j=l, . . . . .  (2.5b) i+l 
for i=2,3,4 ..... where the n and d coefficients are 
those~of the M fraction 
+ ... + cj ~ nJ2x nJ3x (2.6) 
c o +ClX l+dJlx + l+dJ2x + l+dJ3x +... " 
obtained by taking the even contraction of the Perron 
fraction 
c o + ClX + ... (2.7) 1 .+ 1 + 1 + 1 +1 +... 
The equations (2.4) are obtained from the usual con- 
traction formula for continued fractions while (2.5) 
are given by the author [8]. The converse relations, 
expressing the e's and q's in terms of the ~'s and m's 
are derived in [9] and are 
i+j i+j 
= ~i+1 mi 
1 _ i+j (I+Q:+j) (l+~i+ 1) 
i+j-1 
~i = -mi  
"" ._ i+j-1 (l+~+j 1) (l+~i+l) 
(2.8a) 
(2.8b) 
The relations (2.3), together with those given by 
Henrici [7] for extending the q-d table allow, firstly, 
the extension.of the table of ~ and m coefficients to 
give those elements above the staircase line in figure 
2 and, subsequently, the coefficients of the Perron 
fractions corresponding to the reciprocal series 
k~--O Ck xk" 
The table is first extended in such a way that the 
relations (2.3) hold between the elements above the 
staircase line in figure 2 and the elements of the 
extended q-d table. This is achieved by setting 
1 1 
1 Qi mi-1 m. - , i=2,3,4 ..... (2.9) 
' !I+~_i) 
and then using the rhombus rules (2.2) to generate 
the remaining unknown coefficients in the table. The 
relation (2.9) is established as follows. 
If (2.3b) is to hold for i=2 and j= 1 then 
0 -1) 1 0 0 0 
1 (e l -q2  (e0-q l ) _e lq l  
m 2 = - (2.10) 1 1 
ql ql 
1 1 1 
~2 ml ml 
- 1 2' using (2.8) 
(1+~2)m 1 
1 1 
= Q2 ml using (2.2b). 
This is (2.9) with i=2 since el =1-0. 
Now consider (2.3b) with j= 1 and i> 2. We require 
2-i l-i., 3-i 2-i 
1 (ei-1 - qi )tei-2 - qi-1): ms =-  1 3-i  ' 
qi-1 
2-i 3-i 
_ ei-1 ei-2 (2.11) 
3-i 
qi-1 
[Note, when i=2 this agree with (2.10) since, in the 
0 0 0 
extended q-d scheme, e1 = -ql = ql ]" 
We also require, from (2.3a), that 
2-i 
1 ei_ 1 (2.12) 
3-i 
qi-1 
Combining (2.12), and (2.11) with i replaced by i-l, 
we Fred, after some rearrangement, that we require 
1 1 4-i 




1 1 ( 3--i 4-i 
mi-1 ~i qi:2 - ~i-3) 
(1 +~_1) 4-i el-3 
using (2.3a) with j= 1 and i again replaced with (i-1). 
3-i 
But qi-2 - 0 and the condition (2.9) follows. 
If the Perron fractions corresponding to the reciprocal 
series are 
~k xk .k mlx  ~2 "~kx ~3 c,, + c.x + ... + - -  - -  
U .t 1 + 1 +1+ 
then the coefficients are given by 
~i = 1/~:11 
and 
1 + 1 +. . .  
(2.13) 
(2.14a) 
i . .  i-1. 
= - mi (l"~J +1) (2.14b) 
1 i-1 (1+~) 
~j+l 
with 0 = **. 
.J 
The first of these relations follows from (2.3a) and 
(1.6a). We have 
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+1-i i-j 
~_  ~i-1 _ qi - 1 
x ~+2-i  i-j-1 i-1 
~1i-1 ej ~j+l 
To establish (2.14h) we use (2.8b) to write 
~n~." = v'+l-i  " " 
i -~ i  (1"~)(1+ ~i+1) 
and then (1.6a) and (2.14a) to obtain 
= _ ei- j i  
i-1 i 
(1+~i+ 1 ) (1+~i+ 1)
Qj+I 
From (2.3a) 
i-j i i+l-j 
j - j+l qj 
and from (2.8b) 
i 
i - l - j  =_ mi 
qJ (1+~) i (l+~j+ 1) 
The result (2.14b) follows. 
The convergents of the Perron fractions (2.1) and 
(2.13) provide the whole of the Pad6 table for the 
series (1.1). 
The algorithm (2.2) can also be used to extend the 
~-m table for zero and negative values o f j  when some 
or all of  the terms of a second series 
k~=l bk/xk are known. The additional starting values 
0 m -j  -bj/bj+l, j= 1,2,3 ..... The are m I = c0/b I and :1 = 
convergents of the additional Perron fractions are then 
either two-point Pad6 approximations for the two 
series or Pad6 approximations for the second series 
only. See McCabe [9] for details. 
3. EXAMPLE 
Consider the series 
X/(l+2x) = l+x-  x2 +x3...+(-) k-1 l '3"5""(2k-3)xk +... 
2 2 k! 
1 -1 -3 [ 
2 1/2 -3/6 
3 1 -3/15 
4 5/4 -3/28 
5 7/5 -3/45 
6 3/2 -3/66 
7 11/7 -3/91 
8 13/8 -3/120 
3 -10 15 
-1/6 -10/6 I 3/6 
1/5 -10/15 -1/15 
15/28 -10/28 3/28 
7/9 -10/45 15/45 
21/22 -10/66 
99/91 
The table of coefficients generated by the algorithm 
(2.2) and the extension relation (2.9) begins as shown 
at the bottom of this page'. 
The coefficients can be expressed explicitly by 
m! = (2i-2i+1)(2i-2i-1) 
1 j(2j-1) 
and 
= _ 0-11 (2i -1) .  
1 j(2j - -1) 
The table of the coefficients ~." and ~ for the 
1 1 
reciprocal series (1+2x) -1/2 is then obtained by the 
relations (2.14) and the coefficients are 






1. BAUER F. L. : 'q'he g-algorithm", J. Soc. Indust. Appl. 
Math., Vol. 8, 1960, 1-17. 
2. BULTHEEL A. : "Remark on : a new look at the Pad~ 
table and different methods for computing its elements", 
[2], J. Comp. Appl. Math., Vol. 5, 1979, p. 67. 
3. BULTHEEL A. : "Division algorithms for continued 
fractions and the Pad~ table", J. Comp. Appl. Math., 
Vol. 6, 1980, 259-266. 
4. BUSSONNAIS D. : "Tousles algorithmes de calcul par 
recurrence des approximations de Pad~ d'une serie. 
Construction des fractions continues correspondantes". 
Conference on Pad~ Approximation, Lille, 1978. 
5. CLAESSENS G. : "A new look at the Pad6 table and the 
different methods for computing its elements", J. Comp. 
Appl. Math., VoL 1, 1975, 141-152. 
6. GRAGG W. B. : "The Pad~ table and its relation to 
certain algorithms of numerical analysis", SIAM Key., 
Vol. 14, 1972, 1-62. 
-21 35 -36 63 -55 
-21/6 15/6 -36/6 35/6 -55/6 
-21/15 [ 1/5 -36/15 1 15/5 -55/15 
-21/28 -1/28 -36/28 [ 3/28 ~55~28 
-21/45 3/45 -36/45 -1/45 -55/45 
Journal of Computational nd Applied Mathematics, volume 7, no. 4, 1981. 274 
7. HENKICI  P. : "Quotient-difference algorithms", 
Mathematical methods for digital computers, Vol. 11, A. 
Kalston and M. S. Will, Wiley 1967, 35-62. 
8. McCABE J. H. : "A formal extension of the Pad~ table 
to include two point Pad~ quotients", J. Inst. Math. 
Applies., voL 15, 1975, 363-372. 
9. McCABE J. H. : On the even extension of an M fraction, 
Proc. Amsterdam Conference on Pad~ Apprbximations, 
1980. 
10. PEKKON O. : Die Lehre yon den Kettenbruchen, Band II, 
Teubner, Stuttgart, 1957, 176-178. 
11. SKI KANGA A. : "Two-point Pad6 approximation : a 
continued fraction algorithm and a generalisation f an 
identity of Wynn". To Appear. 
12. WATSON P. J. S. : "Algorithms for differentiation and 
integration", Pad~ approximants and their applications, 
P. K. Graves-Morris, cd., Academic Press, 1973, 93-98. 
13. WUYTACK L. : "Commented bibliography on techniques 
for computing Pad6 approximants", Padd approximation 
and its applications, L. Wuytack, ed., Lecture notes in 
Mathematics, 765, Springer Verlag 1979, 375-392. 
Journa l  o f  Computat iona l  and Appl ied Mathematics,  volume 7, no. 4, 1981. 275 
